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Photodynamic Notes, V. DBy Pliny Eurle Chase, LL.D.
(Read before the American Philosophical Socicty, April 21st, 1882.)

158. Synchronous Areas.

Kepler’s second law is grounded upon principles which must modify
rotation and subsidenee, so as to introduce harmonic tendencies among the
synchronous areas which are deseribed by different bodies, under the con-
trolling activity of a commmon centre, as well as in the virtual areas which
represent the reaction of the subordinate masses upon the centre of gravity
of the system. In orbits of small eccentricity, the instantaneous area of
a particle is nearly proportional to the square root of its mean radius
veetor. If we take r = (1)® =.125, as a harmonic divisor, the first of
these tendencies is shown by the principal planets, as may be seen in the
following table :

Harmonic Areas. Synchronous Areas. Difference.
57 .625 Mercury .6222 4+ .0028
Tr .875 Venus, .8503 -+ 0243
8r 1.000 Earth, 1.0000 .0000
10 » 1.250 Mars, 1.2344 -+ .0156
18 r 2.250 Jupiter, 2.2810 — .0310
25 r 3.125 Saturn, 3.0885 4 .0365
30 r 4.375 Uranus, 4.3799 — 0049
44 r 5.500 Neptune, 5.4803 + .0197

All the differences are within the limits of probable error, .03125, except
Saturn’s. Jupiter’s area is nearly % of Saturn’s, and the combined masses
of these two planets is so great as partially to override the simple tendencies
of subsidence towards the chief centres of condensation and nucleation,
Earth and Sun.

The synchronous areas of Mercury and Mars, the outliers of the dense
belt, are nearly in the ratio1 :2; Venus and Earth, 7 :8; Uranus and
Neptune, 4 : 5. The difference is less than g of the probable error in the
first of these comparisons ; less than 1 of the probable error in the second ;
less than 1y of the probable error in the third ; the ¢ probable error,” in
each case, being £ of the common divisor, or the deviation which would
be admissible without weakening the evidenee of harmonic tendency in a
DErm CAUSE.

159.  Virtual Areas.

The virtual areas of synchronous reaction, or the instantaneous areas
which a particle, at Sun’s mean distance, would describe about the principal
planets if it were not restrained by stronger influences, vary as Vo 7. 178
viva may be represented by orbital areas, as well as by distances of pro-
jection against uniform resistance, therefore we may add a third law to
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Laplace’s two laws of constant sums, viz :—7%e sum of all the instantane-
ous virtual areas in a system will aliways remain invariable.

From Alexander’s harmony (Note 136, p. 605) it follows, that the ratio
between the virtual areas of Jupiter and Saturn is nearly the reciprocal
of the ratio of their direet areas. The harmonic influence of the repeated
nodal action of this ratio, upon subordinate planetary aggregation, is
shown in the following table :

Harmonie Areas. Virtual Areas. Ditference.

« 40.256 Jupiter, 40.587 — 331
2=3a 30192 Saturn, 30.063 + .129
r=1 e 22.644 Neptune, 22,675 — (B3l
H=3 5 7 16.983 Uranus, 16.782 - .201

5 1.000 Earth, 1.000 .000
{=3%: .T50 Venus, 49 - .001
p—=3%¢ .400 Mars, .404 — .004

The greatest proportionate difference is that of Tranus, 11 per cent.
The harmonie change from the outer to the inner belt of planets, § =— =
— 16.983, represents the orbital retardation at the chief centre of conden-
sation, Earth. If Earth were rotating with the speed which it would have
if Laplace’s limit coineided with its equatorial surface, its time of rotation

’ .
would be 2 = \'%J = 5073.6 seconds ; 86164.1 = 5073.6 = 16.983. The

synchronous virtual area of Mars differs by less than 4% per cent. from %
of 2 £, This is less than 18 per cent. of the probable error.

160. Laplace’s First Law of Stability.

The first of the two laws in which the author of Mécanique Céleste em-
bodied his discoveries in relation to the stability of the solar system, is
thus stated ; ““If the mass of each planct be multiplied by the product of
tlie square of the eccentricity and square root of the mean distance, the
sum of all these produets will always retain the same magnitude.”” By
combining the first and third of these factors, me V7, we get the quotient
of mass by orbital veloeity, togetlier with the following suggestions of
nodal influence:

my r Semi-axes major.
Jupiter 22RO € 7 5.203
Saturn,  270.46 = 9.605 7o 9.539
Neptune,  93.82 = 30.146} s 30037
Earth, 1.00 ” 1.000

Jupiter’s exponent represents the variable ratio of subsidence-aceelera-
tion to orhital velocity ; Saturn’s the product of orbital time by mean
distance; Neptune's, the variable ratio of Laplace’s limit to nucleal radius.
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161. Orbital Momentum.

The division of m V' 7 by  gives the product of mass by orbital velocity,
or orbital momentum, together with the following suggestions of photody-
namic or nebular activity :

m+ 1V r Cardinal Radii.
Jupiter, 138.81 = 5.1789 , 5.203
Saturn, 30.68 = 9.800% G 10.000
Uranus, 3.35 = 20.567% o 20.679
Neptune, 3.12 = 30.483% - 30.470
Earth, 1.00 i 1.0C0

Jupiter’s exponent represents the ratio of its photodynamic orbital vol-
ume to that of Earth ; Saturn’s, the ratio of orbital times; Uranus’s the
influence of meau rotary s vive in an elastic medium ; Neptune’s the
influence of a ceutre of linear oscillation in an elastic medium.

162. Coefficient of Solar Torsion.

7
In applying the oscillatory equation, ¢ =7 '\rlf!/, at the centre of gravity

of a stellar system, let ¢ represent the duration of an oscillation or half-
rotation, ¢ the acceleration of gravity at the stellar eguatorial surface,
=2 1 the stellar modulus of light or the height of a homogeneous w®thereal
atmosphere which would propagate undulations with the velocity of light.
Then, if the stellar rotary oscillation is due to the reaction of cosmical
" inertia against wethereal influence, ¢¢ is cquivalent to the velocity of
light, o,.
772 a? W

In Coulomly’s formula of torsional elasticity, f— =y ., W represents
a weight suspended by a wire, ¢ the coeflicient of the radius of torsion,
f the coeflicient of torsion for the extended wire, g gravitating acceleration,
¢ time of oseillation when the force of torsion is removed. Applying this
formula to solar rotation, we have

an W @
f=35=%5"- 1—!;;#’; LT, =gtt= 21

But g¢ is the velocity which would be communicated by gravity, at
Sun’s surface, in one oscillation of half-rotation, or the velocity of light ;
¢2* is the modulus of light at Sun’s surface ; «? 7, is the theoretical length
of a pendulum, at Sun’s surfice, which would oscillate once in each half-
rotation ; « 7, is the length of an equatorial radius rotating with Sun and
having the superficial orbital velocity, Vgr, at its remote extremity.
These are the same results as have been already derived from simple gravi-
tating and radiodynamic considerations, Notes 17, 48, 100, ete. Their
statement in this form may be satisfactory to some readers who have not
foilowed the forcgoing investigations through all their details.
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163.  Ilarmonic Categories.

The simple discovery of so many harmonies, in all departments of
physieal science, would be interesting, even if it were accidental or wholly
empirvical.  The fact that the discovery has sprung from systematic in-
vestigations, under the guidanece of well-known laws, adds much to its
importance. The following results seem to be especially important, and
somewhat typical.

1. The equality of g¢, in the solar oscillations of half-rotation, to the
velocity of light. Notes 17, 162, cte.

‘2. The relations of mass and »is viee which satisfy cosmical tendencies
to nodality, subsidence, oscillation and orbital revolution. Notes 5, 23,
79, 91, 156, 158-61.

3. The far-reaching evidence of clastic influence which establishes
measurable progressive relations between the solar system and the fixed
stars. Notes 46, 111-5, 130-2, 155.

4. The simplicity of the relations between elastic and cosmical vis viva,
whiell furnish data for approximate estimates of Sun’s mass and distance
by means of barometrie fluctuations. Notes 104-5.

5. The relations of magnetic and cosmical ¢i8 vira, together with the
evidence which they furnish of the dependence of solar and lunar mag-
netie disturbances upon thermal and tidal influeneces. Notes 2, 11622,
125-6. :

6. The curiously symmetric harmony in Mars and its satcllite-system.
Note 28.

7. The varied harmonies of speetral lines, together with the relations of
planetary positions to luminous nodes. Notes 36—45, 109, 141-2, 14453,
157.

8. The confirmations of predictions which were founded upon evidences
of the influence of harmonic laws. Notes 33, 133, etc.

9. The interchangeable convertibility of physiecal units. Notes 90, 96.

10. Atomic phyllotaxy. Notes 135-9, 143. Although Gerber's divisors
were found empirically, they represent natural elementary groups. His
utter want of suspicion that they had any physical meaning makes them
muclt more important than they would have been if his investigations had
been biased by a preconceived hypothesis. The kinetic theory of gases
neeessitates harmonie action, and the tendency to division in extreme and
mean ratio leads to one of the most simple kinds of harmony. There is
no necessary inconsistency between the doctrine of atomie phyllotaxy and
Prout’s hypothesis.

164.  Mereury’s Virtual Area.

The fundamental ratio of suceessive virtual areas, 3, represents the ratio
of the locus of linear centre of gravity of a simple pendulum to the locus
of its centre of oscillation, as well as the exponential ratio of nucleation to
limitation in an clastic medium. The intermediate step between the har-
monic arcas for Mars and Venus, Note 159, may, perhaps, be distributed,



1882.] 241 [Chase.

partly among the asteroids, partly in satisfying special requirements of
the dense belt, and partly in the variations of cethereal v¢s vive. Tlie mass
of Mercury is so imperfectly known that it is unsafe to put much trust in
the accuracy of any merely harmonic indications of its value, but its
virtual area is unquestionably of the same order of magnitnde as (3)* of
that of Mars, or /%% of that of Earth. This would give, for an approxi-
mate estimate of the quotient of Sun’s mass by that of Mercury, 4054440,
The two intermediate steps may, perhaps, be partly absorbed by the intra-
Mercurial harmonic nodes and the meteoroids of the zodiacal light.

165. Relative Masses of Neptune and Mars..

An intermediate step between the virtual areas (Note 159) and the nodal
masses (Note 156), is indicated by the ratio between the masses at the
outer limits of the supra-asteroidal and the intra-asteroidal belts. The
quotient of the square of Neptune’s harmonic virtnal area, 22.644%, by its
harmonic radius, 30.036%, is 17.071; the quotient of the squared arca of
Mars, ()% by its harmonic radius, 1.669, is.10664 ; the ratio of the masses
and the mass-ratio of Sun to Mars are approximately shown in the follow-
ing proportions :

mg iy 2 17.071 110664 : : 160.09 - 1
m, :my oz (160.09 x 19380 = 5102544) : 1

Q
- 166. Various Harmonic Indications and Tests.

If & represents Earth’s limiting nucleal radius (Note 159), the corres-

ponding atmospheric radius would be «5 = 43.653. Herschel’s locus of
incipient subsidence, in the controlling two-planet helt, or Saturn’s secular
aphelion, is 1.0843289 times tlie outer limiting locus of the belt (Stockwell,
Smithson. Contrib., 232, p. 38); K - 1.0843289 — 40.258, which is, with
close approximation, the ratio of the instantaneous virtnal area at the inner
locus of the controlling belt, to the corresponding area at the chief centre
of condensation. The tendeney of exponents, in elastic media, to become
coeflicients of elastic vé8 vive, is shown in Note 159. If we use the sym-
metrical harmonic areas for Mars and Mercury, the percentages of differ-
ence between the harmonic and virtunal areas are, respectively, 2 of
.01, 2 of .01, 1 of .01, & of .01, 1 of .01, .045, .099. In testing the com-
bined harmonic influences of a »ere causa which is subject to internal per-
turbations, there is room for a possible deviation of 50 per cent. and a
probable deviation of 25 per cent. The combined probability that the
approximations in Note 159 are owing to @thereal influence is, thercfore,
30 X 115 % 175 x 122 X 175 x 52 X 258 — 15664091727 : 1.

The following points of symmetry and alternation may be noted in the
nodal mass-factors of the two outer planets, Note 156 : .

1. The tendency to equality of mean orbital 2is «éva in Earth; Uranus
and Neptune, as indicated by the factors 7, 7, and 5. '

*Proc. Am. Ph. Soc., xiii, 239.
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2. The nodal modification of Neptune’s mass by Eartli’s secular aphelion,
and of the mass of Uranus by Earth’s secular perihelion.

3. The nodal modification of Neptune’s mass by its own mean perihelion,
and of the mass of Uranus by its own mean aphelion.

4. The modification of Uranus by Jupiter, and the corresponding modi-
fication of Neptune by Uranus.

167. Farth’s Modulus of Rotation and Jupiter’s Eccentricity.

Let gg represent the sum of the gravitating aceelerations of Sun and
Earth at Earth’s equatorial surface ; ¢ time of Earth’s rotary oscillation
(4 sidereal day); p,, Sun’s equatorial semi-diameter; 7, Karth’s semi-
diameter ; p,, mean projection of centre of gravity of Sun and Jupiter
from 68 e == (o Jupiter’'s maximumn sccular eccentricity ; ps, Earth’s
semi-axis major; ggf% Earth’s modulus of rotation. Then

gﬁﬁ 2pst P, o
The photodynamic or oscillatory values of Sun’s mass and distance, Note
7,
91, give for Sun’s gravitating aceeleration of Earth /}z ( ’) = 331776 X
3
(3962.8 — 92785700)2 = .000605184 of Earth’s equatorial gravitatingaceel-
eration. If we adopt Everett’s value for g, JBl'l = 1.000605184 x 32.091

X 13082% -+ 5280 = 5643840 miles ; p‘ —+ p, =.0008263. Stockwell’s value
(Smith. Cont., 232, p. 38), is .060827

168. Awis of Central Subsidence and Rupture.

The influence of the interstellar photodynamic paraboloid is shown in
the boundaries of the belt of greatest condensation. The loeus of ineipi-
ent rupture, Mercury’s secular periliclion, is about ! of the locus of ineipi-
ent subsidence, secularaphelion of Mars. Stockwell’ s values for the two loci
are .2974008 and 1.736478. This gives for the major axis of the several in-
eipient cllipses, described by the subsiding particles from the outer portion
of the belt, .2074008 - 1.736478 = 2.0338788. Lect g,, g, represent equa-
torial superficial gravitating acceleration of Sun, Earth, respectively ; m;,
m,, masses of Jupiter, Earth ; tq, time of Jupiter’s orbital revolution ; fg,
time of Eartl'’s rotation ; pg, Earth’s semi-axis major ; p,, asteroidal radius
equivalent to major axis of incipient ellipses of dense belt.  Then

£11 Mg Pn T

] x g x 3 93
4332.58482 —+ 316.617 x 2.0338788 —= 7 = 27.8316

3
m,
My 2 ( 7, 1)

331776 = 27. 8}16 = 11920.8
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I — 1/11920.8 = 109.183
3
7 = 109.183 X 3962.8 = 432669 miles.
o - 7y == 92785700 - 432669 = 214.45

These results may be compared with those which were given in Notes
91, 113 and 156, the extreme range of difference being less than 4 of one
per cent.

169. Earth’'s Incipient Subsidence.

If the various relations which are shown in the foregoing note are due
to Earth's atmospheric and nucleal subsidence from the centre of the

4
dense Dbelt <’;" :.1.0169394), its secular aphelion should be (%”) —
1.0695. Stockwell gives (op cit., p. 38) 1.0677352, upon the assumption
that :%'3 = 368689. On page xi of his Introduction he gives 1.0693888 ;
on page xvii he gives a series of values which yield, by interpolation,

m,
1.0691 for the photodynamic mass-ratio, m" — 331776.
3

170.  Progression of Fundamental Atomicities.

Thomas Bailey, (Phil. Mag., Jan. 1882, p. 33), gives a series of atomic
weights corresponding to minimum volumes, which are members of the
geometric series @, ab, ab? ab® ab* the value of & being 1 of « and the
value of @ being 10. This suggests an atomic parabolic motion, like that
in the photodynamic or interstellar paraboloid, in which £ =32. We may
also notice that 6 is the product of the two phyllotactic numbers, 2 and 3.

171, Perissad Phyllotaxy.

The indications of phyllotactic tendency in various departments of
physics, have induced me to test Gerber’s groupings of chemical atoms by
methods which seem to me to be perfectly legitimate. In order to remove
all effects of personal equation or bias, as well as of accidental or empirical
coincidence, I adopt Clarke’s recalculation of atomic weights (Phil.
Mag. {5] 12, 109-10), and my strictly phyllotactic divisors (Note
136), instead of Gerber’s empirical divisors. In view of the « priori prob-
ability of tendency to division in extreme and mean ratio, I assume that
the ratio of probability to improbability, in each instance, is equivalent to
at least £ D : (I—0) ; D being the phyllotactic divisor, 7" the theoretical
atomic weight or nearest exact multiple of 7, and O the observed atomic
weight taken from Clarke’s table. I have added RD and Tl to Gerber’s
list of monatomic elements, and Bo to his trivalent list.

PROC. AMER. PIUILOS. SOC. XX. 11L. 2E. PRINTED MAY 22, 1882.
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Li
Na
K
Cs
F1
Cl
Br
I
x\g
Rb
Tl

9D,
20 D,
51 D,
173 D,
25 D,
46 D,
104 D,
165 D,
140 D,
111 D,
265 D,

244

Monatomic Group ; Dy == .768.

i,

6.912
23.040
39.168
132.864
19.200
35.828
791502
126.720
107.520
85.248
203.520

@)

7.007
228008
39.019
132.583
18.984
35.370
79.768
126.557
107.675
85.251
203.715

T-O.
095
042
149
251
-6
042
104
163
.155
.003
195

[April 2],

Probability.

192} .
[0
192 :

1oz
1 )2

ORE:

192
192
1492

192

192

95
42
149
: 281
: 216
42
: 104
1 163
1 155
3

2195

Three of the elements, Cs, Fl and Tl, indicate a.probability that the
phyllotactic approximation may he merely accidental. The aggregate
probability that the combining equivalents of the monatomic elements are
modified by phyllotactic tendencies, or the produet of all the separate prob-

abilities, is more than 5610 times as great as the probability that the ap-

proximations are accidental.

N

*’d

As
Sb
Bi
Au
Bo

9 D,
20 D,
48 D,
57 D,

133 D,

126 D,

T Dy

Trivalent Group ; Dy = 1.559.

I,
14.031
31.180
4.832
120.043
207.347
196.434

10.913

0.
14.021
30.938
74.918
119.955
207.523
196.155

10.941

T-0.

Probability.

389.75 :

389.75

380.75 .
389.%5 :

389.75

389.75 :

380.75 :

All the indications in this group are in favor of phyllotactic
the aggregate ratio of probabilities being more than 108426 : 1.
ing this by the monatomic ratio we get, for the aggregate perissad ratio,
> 608375000 : 1.

0}
S
Se
Te
Mg
(C'a
Sr
Ba
C

172. Artiad Phyllotaxy.

Di- or Tetratomic Group; D, =1.996.

8D,
16 D,
40D,
64D,
12D,
20 D,
4D,
69 D,

6D,

o,
15.968
31.936
79.840

127.744
23.952
39.920
87.824

137,724

11.976

0.
15.963
31.984
78.797

127.960
23.959
39.990
87.374

136.763

11.974

T-0.

.005
.048
1.043
216
.007
.070
.450
.961
.002

10
1 222 {
86
88
: 176
279
28
influences,
Multiply-

Probability.

499 :
499 :

499

499 .
499
499 :
499
499 :
499 :

&
48
: 1043
NG
7
70
450
961
2
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T. 0. T-0. Probability.
Si 14 D, 27.944 28.195 251 499 : 251
Ti 2 I, 49.900 49.846 054 499 . 54
/he 45 D, 89.820 89.367 453 499 : 453

Sn 59 D, 117.764 117.698 066 499 : 66
Hg 100 D, 199.600 199.712 112 499 : 112

Mo 48D, 95.808 95.527 .281 499 : 281
W 92 D, 1853.632 183.610 (022 499 : 22
U 60 D, 119.760 119.241 519 499 : 519

Two of these elements, Se and U, give adverse indications ; the aggre-
gate ratio of favorable to adverse probabilities is more than 17173770000000
: 1. T have taken } of Clarke’s estimate for U, in order to compare it with
Gerber’s assumed atomicity.

Supplementary Artiad Group.

Barker, in Joknson’s Cyclopadia, gives other artiad elements which Ger-
ber places in his group of metals. In order to complete the comparisons
which are based upon valency tliey are inserted here :

1, 0. T-0. Probability.
Gl 7D, 13.972 13.695 il 499 = 277
Al 14 D, 27.944 27.009 L9055 499 : 935
In 57 D, 113,772 113.398 YL 499 : 374
Zn 33 D, 65.868 64.905 963 499 : 963
Cd 56 D, 111.776 111.770 .006 499 : 6
Cu 32 D, 63.872 63.173 .699 499 : 699
Pb 103 D, 205.588 206.471 .883 499 : 883
Pd 53 D, 105.788 105.737 .051 499 : 51
Pt D, 193.612 194.415 .803 499 : 803
Yt 45 D, 89.820 89.816 .004 499 : 4
Ce 70 D, 139.720 140.424 704 499 : 704
La 69 D, 137.724 138.526 .802 499 : 802
Di 7210}, 143.712 144.573 .861 499 : 861
Er 83 D, 165.668 165.891 2223 499 : 223
Th 117 D, 233.532 233.414 118 499 : 118
Cr 26 D, 51.896 52.009 A13 499 : 113
Fe 28 D, 55.888 55.913 025 499 : 25
Mn 2710, 53.892 53.906 .014 499 : 14
Ni 29 D, 57.884 57.928 044 499 : 44
Co 30 D, 59.880 58.887 .993 499 : 993
Ru 52 D, 103.792 104.217 425 499 : 425
Rh 52 D, 103.792 104.055 .263 499 : 263
Ir 97 D, 193.612 192.651 961 499 : 961
Os 99 D, 197.604 198.494 .890 499 : 890

The first sub-group, Glacinum to Thorium, inclusive, consists of dyads
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and tetrads, and gives 40911 : 1 for the combined ratio of probabilities.
The other sub-group is hexad, giving the aggregate ratio 11611 : 1. The
total aggregate ratio of the artiad elements is more than 81585(10)'7 : 1.

173, Metallic Phyllotaxy. D, = 1.247.

T. 0. T-O. Probability.
Gl 11 D, 15.717 13.972 255 S11.75 255
A 22 10)q 27434 27.009 425 SILTS : 425
Se 35D, 43.645 43,980 .335 311,75 : 335
Cr 42D, 52.374 52.000 365 31175 : 365
Fe 45D, 56,115 53.913 202 311,75 - 202
Ga 55 D, 68.585 68.85+4 .269 311.75 : 269
In 91D, 113477 113.398 .079 31175 79
Zn 5l D, 64.844 64,905 061 SILT3 ¢ 61
Cd 90Dy 112.230 111.7%0 460 31175 1 460
Mn 43 D, 53.621 53.906 285 311.75 : 283

Ni 46 D, 57.362 57.928 .566 L3175 1 566
Co 47D, 58.609 58.887 Rl 31175 : 278
Cu 51Dy 63.597 5173 421 311,75 : 424
Pb 166 D, 207.002 2006.471 531 31175 : 531

Tt 163 D, 203.261 203.715 454 311,
Rb 63 D, 84.796 85.201 455 31,
Rua 84D, 104.748 104.217 531 ST

& S S Bl
Sl A
ROREE]
— Sl e

g

i

Tv
Rh 83D, 103501  104.055 534 31175 ;554
Pd 85D,  105.995  105.737 .258 311.75 : 258
Ir 154D,  192.038  192.651 .613 311.75 : 613
Pt156 D, 194532 194415 A17 811.75 : 117
Os 159D, 198.273 198494 .21 811.75 : 221
Yt 72D, 80984 89.816 032 31175 : 32
Ce 113D,  140.911 140421 487 311.75 : 487
La 111D, 138417 138526 .109 31175 : 109
Di 116D, 140652 144573 079 375 79
Er 133D, 163851  165.801 .040 31175 : 40
Th 187D, 233189  233.414 .225 311.75 : 225

The agerecate ratio is 1386.8 : 1, the mean ratio for a single comparison
being somewhat less than 4 @ 3. The indication of phyllotactic tendency
iz, therefore, comparatively slight, and far less satisfactory than in the
grouping according to valency.

174, General Test of Atomic Phyllotaxy.

Computors who are accustomed to calculations of probable error, and
who have not given any special attention to the harmonic influences of
wethereal vibrations, may, perhaps, question the propriety of making any
allowance for an a priori probability of division in extreme and mean ratio.
For the satisfaction of all doubts upon this point it may be well to apply
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some test which will be rigid enough to fulfill the broadest requirements of
mathematical likelihood. If we substitute 3; D, for { D, in the ratio of
probability to improbability, we provide for requirements of linear oscilla-
tion, orbital motion and gravitating tendeney. In such limited ranges of
comparison as are possible for the chemical elements, most mathematicians
would, perhaps, be satisfied with this substitution. All doubt should be
removed by introdueing the coefficient of probable error, .674489, and using
L674489 W L D = .168622 D. If we let # represent the number of terms
in a given group, the ratios of probability, which have been foundin Notes
171-3, should be multiplied by .6744892, in order to give results which are
entirely independent of any « prior: assumption. We then find

For the monatomic  group, Note 171 3.5 01
¢« trivalent “ 171 6885.88 : 1
“  di-ortetratomic ¢ “ 172 21253910000.00 : 1
“  supp’y artiad ¢ “17R 871837.33 : 1
‘“ aggregate valency 403(10)8 : 1
¢ metallic group, Note 173 1:44.83

The mean ratios, for single representatives of the several groups, are
the following :

For the monatomie group 1,478 :1
‘¢ trivalent “ 3.554 1 1
*  1startiad “ 4.050 : 1
GO R “ 1.550 : 1
“  aggregate valency D 2 1
“  metallic group 1:1.145

The uniform character of the phyllotactic indications, in the gronpings
which are based upon similitudes of chemical affinity, is very satisfactory.
To all who are willing to attach weight to @ priori considerations, the
following statement of mean ratios may be acceptable :

For the monatomic  group, Note 171 2,192 g il
‘¢ trivalent o 1Tl 5.223 :1
*¢ - 1st artiad ¢ 1R 6.005 : 1
oAl W “ o E2 2.5 21
‘“  aggregate valency 3.313 : 1
‘“ metallic group, “173 1.205 : 1
‘¢ perissads 3.076 : 1
«artinds 3.423 : 1
‘ hydrogen unit 2,084 : 1

The last result was quite unexpected. It was obtained by assuming .250
as a probable mean difference from exact multiples of H, and treating all
the values in Clarke’s table in the same way as in the phyllotactic exami-
nations of Notes 171-3, so as to obtain, for each element, the ratio, } H :
(T-0). Although the aggregate evidence of phyllotactic influence upon
valeney, (3.313 :1), is nearly 1.6 times as great as the evidence of
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liydrogenic influence upon general atomicity, the mathematical probability
of the latter is satisfactorily established. I am not aware that the views
of Prout and Dalton have ever before been tested in any way like this.

175.  Combination of Hurmonic Influences.

In my studies of cosmical harmony I lave often had occasion to speak
of the simultancous operation of different oscillatory tendencies. Similar
tendencies, involving similar modifications of resulting rhythms, must
exist in the various forms of molecular activity. Dr. Thomas Hill, whose
participation in Peirce’s investigations of planctary phyllotaxy have given
him an interest in other like researches, having suggested that the surd,
13-V 5), might be more closely represented in the atomic ratios than its
phyllotactic approximations, T have tried it upon cach of the foregoing
groups. I find some evidence of its influence, but the combinations of
phyllotactic ratios which are represented by my two divisors, .768 and
1.996, are much more satisfactory. Therefore it seems probable that,
although the differences of internal work may prevent any precisc atomic
commensurability, there are as close approximations to precision in the
elementary atoms as there are in plants and in planets.

176. Fourier’s Doetrine of Elasticity.

The carly views of Rittenhouse and other American investigators, * are
corroborated by the following extract from Fourier’s ¢ Theorie analytique
de lie ehalenr,” which is cited by Melsens in his report on Hirn’s experi-
mental investigations of the relation which exists between the resistance
of the air and its temperature (Bull. de UAcad. Roy. de Belgique, [3] 2,
p- 252, 8 Octobre 1881).

Art. 53. < La chaleur est le principe de toute élasticité ; c’est sa force
répulsive qui conserve la figure des masses solides ct le volume des liquides.
Dans les substances solides, les moléeules voisines céderaient a lear attrac-
tion mutuelle, si son effet n’etait pas détruit par la chaleur qui les sépare.
Cette force élastique est d’autant plus grande que la température est plus
¢levés ; ¢'est pour cela que les corps se dilatent ou se condensent, lorsqu’on
¢léve ou lorsqu’on abaisse leur température.”

177, Test of Atomic Divisors by Arithmetical Means.

The superiority of the combined phyllotactic divisors, over the surd
divisors, Gerber’s empirical divisors and the hydrogen unit, may be
further shown by comparing the mean percentages of difference from
exact multiples of the several divisors, in each of Gerber’s groups :

14(3-V/5). %(V/5-1). 1. Gerber. Phyllo-

tactic.
For the monatomic  group .2549 .2404 .2034 .2140 .1804
““ trivalent 8 .9322 2312 1303 .0878 .0878
¢« (i-ortetratomic .2385 .2755 2140 .1072 .1044
< metallic 2598 2543 2342 L2635 .2546

«  combined aggregate 2501  .2563 .2086 .1931 .1847

% Scc Proe. Amer. Phil. Soc., xvi, 298 seq. -



1882.] 249 [Chase.

We find, therefore, that in this comparison the evidence of phyllotactic
influence upon valency is more striking than that of the hydrogen unit or
of Gerber’s empirical divisors. In Gerber’s special metallic group, how-
ever, the hydrogen unit furnishes the nearest, and Gerber’s divisor the
most remote approximation.

178.  Probable Errors of Atomic Remainders.

If the deviations from exact multiples of thie several divisors are treated as
errors of observation, in order to determine the ‘“probable error,”” we get
the following results :

Accidental. H. Gerber. Phyllotactic.

For the perissads == .0502 =+ .0433 =+ .0371 -+ .0300
¢ artiads =+ .0294 =+ .0280 =+ .0178 =+ .0180
For all the elements == .0266 =+ .0236 =+ .0163 -+ .0154

The legitimacy of this treatment may be questioned, but it cannot be
charged with any unjust partiality. The artiads furnish an instance in
which Gerber’s empirical divisors give the nearest approximation. The
hiydrogen unit is still the least satisfactory of all.

179. Deduced Laws of Atomicity.

Notes 171-8 seem to justify the following conclusions :

1. Ifall the atomic weights were accurately determined, they would be
found to be exact multiples of the hydrogen unit.

2. Chemical combinations are influenced by phyllotactic laws, or by
tendencies to division in extreme and mean ratio.

3. Artiad and perissad combining units are ditferent, but connected by
phyllotactic ratios.

4. Metallie structure is controlled by phyllotactic laws.

180. Phyllotactic Relations to Orygen.

In Note 138 I showed that 37 of the elements, according to Clarke’s table,
may be more nearly measured by {5 O, while 26 approximate more
closely to exact multiplesof H. If wetake O = 1.995 I, we get Gerber’s
di- or tetratomic divisor, from which others may be deduced by simple
phyllotactic ratios :

Phyllotactic. Gerber.
a 1.995 D, 1.995
f=1% a 9975 I .9997
T:T"’—g(l. 1673 Dl ..T69
0= 3 a 1.2469 D, 1.245
e=13 0 1.5586 D; 1.559

The following comparative tables introluce all of Clarke’s recaleulated
atomic weights :
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Monatomic ; 3, y, 11, Dy,

Phyllotactic. Gerber. Clarlke. o dy A,

H |7 L9975 H L9997 1.0000 .0000 .0025 .0003
Dige 0%y 6.9057 )M, 6.921 7.0073  .0010 .0147 .0123
Na 30, 23.0190 30 D, 23.070 22.998 .0001  .0009 .0031
K 51, 391323 51D, 39.219  39.019  .0005 .0029 .0051
Cs 1737 1327429 172 D, 132,268 132,583  .0031 .0012 .0024
Fl 25y 191825 25D, 19.225 18.984¢ .0008 .0103 .0125
Cl 467 35.2958 46 D, 35.374 $3.370 L0106 .0021 0001
Br 1047 79.7992 104D, 79976  79.768  .0029 .0004 .0026
I 1657 126.6045 165 D, 126.885 1206.557 L0035 0004 0026
Ag 1407 107.4220 140 D, 107.660 107.675 L0030 .0024  .0001
T1 265 7y 203.3345 2065 D, 203.785 203.7i5 L0014 .0019  .0003
Rb 111y 851703 111 D, 85359 85251  .0029 .0009 .0013

I have added T1 and Rb to the clements which Gerber included in his
monatomic group. J;, J, J; are the ratios of the differences between
H, y and D,, respectively, and the values which may be found by a divis-

ion of Clarke’s atomicities by the theoretical atomicities. The arithmetical
mean values correspond with the order of arrangement, viz. : J,, .0028 ;
Js, (0034 5 1., .0086.

Di- or Tetratomic ; a = D,

Phyl., Gerber. Clarke,. 44 = .
O 8D, 15.95 15.9633 .0023 .0002
S 16D, 3192 31,984 L0005 .0020
Se 39D, 71.803 78.797 L0026 L0126
Te 64D, 127.68 127.960 .0003 L0022
Mg 12D, 23.94 23.959 L0017 L0008
Ca 20D, 39.90 39.990 L0002 L0023
Sr 44D, 8778 87.374 L0043 .0046
Ba 69D, 137.655 136.763 L0017 .0063
C 6D, 1197 11.9736 10022 .0003
Si 14D, 27.93 28.193 .0069 .0093
Ti 25D, 49.875 49.816 .0031 .0006
Zr 45D, 89.575 89.367 .0041 L0046
Sn 59D, 117.705 117698 .0026 .0001
Hg 100 D, 199.50 199.712 .0014 L0011
Mo 48D, 95.76 95.527 L0049 L0024
Woo92D, 18351 183.610 .0021 .0004
U 120D, 239.40 238,482 .0020 L0038

These are the same clements as are embraced in Gerber’s second group.
The arithmetical mean values of the deviations are, J;, .0025; 4,
.0033. ]

e ——— . ——
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N
P
As
Sb
Bi
Au
Bo
Ta
v

this

Gl
Al
Sc
Cr
Fe
Ga
In
Zn
Ca
Mn
Ni
Co
Cu
Pb
Ru
Rd
Pd
Ir
IR
Os
Yt
Ce
La
Di
Er
Th

251

Tri- or Pentavalent ; ¢, D,.

Phyllotactie.

e
200
48 ¢
T e
133 ¢
126 ¢

Te
117
33 ¢

group.

Phy

—
@
S Ot Ot

S ST,

—
=1 Ot Ot

e
O = =
CO S = W W O

187 ¢

Ytter 139 ¢

The mean deviations are, 4, .00227; 4,,
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14.027

Gerber.

9D, 14.031

31.1720 20D, 31.180
748128 48D,  74.832
120.0122 77 D, 120.043
207.2938 133 Dy 207.347
196.3836 126 D; 196.434

10.9102

TD,  10.913

182.3562 117 D, 182.403
51.4338 33 D,  51.447
I have added Bo, Ta and V to the elements which Gerber included in

The arithmetical mean values of the deviations are, 4,
.00208 ; J,, .00212 ; J; .00213.

llotactie.

8.7283
27.4318
43.6415
52.3698
56.1105
68.5795
113.4679

64.8388
112.2210

53.6167

57.3574

58.6043

63.5919
206.9854
104.7396
103.4927
105.9865
193.2695
194.5164
198.2571

89.7768
140.8997
138.4059
144.6404
165.8377
233.1703
173.8191

Clarke.
14.021
30.958
74.918

119.955
207.523
196.155
10.941
182.144
51.256

MMetallic ; 5, Dy.

Gerber.

YD, 8715

Clarke.

9.085

22D, 27.390 27.009
35D, 43.575 43.980
42D, 52290 52.009
45D, 56.025 55.913
55D, 68.475 68.834
91D, 113.295 113.398
52D, 64740 64.905
90 D, 112.050 111.770
43D, 53.535 53.906
47D, 38515 57.928
47D, 58515 58.887
51D, 63.495 63.173
166 D, 206.670 206.471
84D, 104580 104.217

84 D,
85 D,
155 D,
156 D,
159 D,
72D,
113 D,
111 D,
116 D,
133 D,
187 D,
139 D,

104.580
105.825
192.975
194.220
197.955

89.640
140.685
138.195
144.420
165.585
232.815
173.055

104.055
105.73
192.651
194.415
198.494
89.816
140.424
138.526
144,573
165.891
233.414
172.761

4

.0015
.0014
.0011
.0004
.0023
.0008
.0054
.0008
.0050

4,
.0094
.0003
.0005
.0002
.0016
.0021
.0035
.0015
.0021
0017
.0012
.0019
.0027
.0023
.0021
.0005
0025
0018
.0021
.0025
.0020
.0030
0034
.0029
.0007
.0018
0014

003215 4, .00515.

dy

.0005
.0069
.0014
.0005
.0011
.0012
.0028
.0012
.0035

4y
.0408
.0154
.0078
.0069
.0035
.0040
.0006
.0010
.0040
.0054
.0099
.0048
.0066
.0025
.0050
.0054
L0024
.0032
.0005
.0012
.0004
L0034
.0009
.0005
.0003
.0010
L0032

[Chase.

s
.0007
.0071
.0012
.0007
.0009
.0014
.0026
.0014
.0037

4
0411
.0141
.0092
.0054
.0020
.0055
.0009
.0025
.0025
.0069
.0101
.0063
.0051
.0010
.0035
.00350
.0008
.0017
.0010
.0027
.0020
0019
0024
.0011
.0018
.0026
.0017

In order
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to complete the data for comparisons of probable error, I repeat this group,
with artiad divisors.

etallie, II; ¢ = D, o
b 103.740 L0046

Gl 5D, 9.975  .0890 Ru 352D
Al 14D, 27930  .0329 Rd 52D, 103.740  .0030
Sc 22D,  43.800  .0020 Pd 33D, 105335  .0000
Cr 26D,  51.80  .0027 Ir 91D, 193515 .0045
Fe 28D,  55.860  .0009 Pt 97D, 193.515  .0046
Ga 33D,  69.825  .0139 Os 99D, 197305  .0050
In 57D, 113715  .0028 Yt 45D,  89.7%5  .0005
Zn 33D, 65835 1.041 Ce 70D, 139.650  .0055
Cd 56D, 111720  .0004 La 69D, 137.655  .0063
Mn 27D,  53.865  .0008 Di 72D, 143640  .0065
Ni 29D, 57855  .0013 Er 83D, 16558  .0018
Co 30D,  59.80  .0161 Th 117D,  233.415. .0000
Cu 32D,  63.880  .0104 Ytter 87D,  173.565  .0046

Pb 103 D, 205.485 .0048

The mean deviation is .00883.

181. Comparative Summary.

Although I have shown in Note 149, that Schuster’s test will often fail
to detect harmonies which really exist, it may be used with advantage in
many instances of comparative probability. The following tables seem to
furnish indisputable evidence of phyllotactic influence upon atomieity.

Logarithms of Probability.

Groups. Phyllotactic. Gerber. Hydrogen.
Monatomic, 3.7476668  3.6572183  5.1634821
Tri- and Pentavalent, 5.2501327  5.2591327  3.8626605
Di- and Tetratomic, 12.0650575 11.9044217  5.1740365

Metallic, 3.0609802  1.2331805  6.1850405
Aggregate, 241828372 22.0539532 20.3852196 -
Mean, .3770736 .3445930 .3185191
Arithmetical Residuals.
Groups. Phyllotactib, Gerber. Hydrogen. ,
Monatomic, L1672 L1947 L2842
3and 5, .0926 L0926 L1423
2 and 4, .1059 1442 2119
Metallic, L2487 .25238 L2247
Mean, L1748 .1912 2SR
Relative Probability.

Groups. Phyllotactic. Gerber. Hydrogen.
Monatomic, 1.2315 1.0000 32.0822 u
3 and 5, 24.9156 21.91560 1.0000 L
2 and 4, 7780740, 5375080. 1.0000
Metallic, 67.2666 1.0000 89507.6
Aggregate, 5592.649 46.637 1.0000
Mean, 1.144 1.062 1.0000
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Relative Residuals,

Groups. Phyllotactic. Gerber. . Hydrogen,
Monatomic, 1.0000 1.1645 - 1.6998
3 and 5, 1.0000 1.0000 1.5367
2 and 4, 1.0000 1.3617 2.0009
Metallic, 1.1068 il L2 1.0000
Mean, 1.0000 1.0938 1.2580

The ‘“logarithms of probability ’” are deduced from the first four group-
ings of Note 180, by the method and with the phyllotactic values which
were adopted in Notes 171-4. They assign a greater degree of importance
to the strictly phyllotactic than to Gerber’s approximately phyllotactic
divisors, in every instance; a greater degree of importance to the hydro-
gen divisor than to either the strictly phyllotactic or the approximately
phyllotactic divisors, in the monatomic and metallic groups : a greater de-
gree of importance both to the phyllotactic and to Gerber’s divisors than
to the hydrogen divisor, in the 3 and 5, 2 and 4, aggregate and mean
groups.

The ‘“arithmetical residuals’’ are deduced from the first four groupings
of Note 180, by dividing the differences from exact multiples of the several
divisors by the respective divisors, by the method which was adopted in
Note 177. In this aspect of the question, as in Note 177, the hydrogen
unit is mostimportant in the metallic group ; the phyllotactic divisors, in
cach of the other groups ; Gerber’s coinciding with the phyllotactic in the
tri- and pentavalent groups.

The ‘“relative probability >’ and ‘ relative residuals’’ are found by tak-
ing the least value in each group as the unit. The indications are, of
course, the same as in the systems of grouping from which they were
derived. In the metallic group the probability of predominant hydrogen
influence is 89507.6 times as great as that of Gerber’s divisors, or 1330.6
times as great as that of the phyllotactic divisors. In the di-and tetratomic
group the phyllotactic probability is more than 7750740 times as great as
that of the hydrogen divisor, or 1.4475 times as great as that of Gerber’s
divisors. The aggregate phyllotactic probability is 15592.649 times as
great as that of the hydrogen divisor, or 119.918 times as great as that of
Gerber’s divisors.

0

182. Synopsis of Probable Errors.

The following tables are computed on the hypothesis that the atomic
weights are exact multiples of the several divisors. The percentages of
the divisors which represent (T —O) = D, * are treated as errors of obser-
vation, and the probable errors are deduced in the usual way. Those per-
centages may evidently vary between 0 and == .5.

* See Note 171,
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Probable Errors.

Groups. Surd I. Surd II. Hydrogen. Gerber. Phyllotactic.

Monatomic, == .0529 - .05345 - .0552 == .0490 = .0407
3 and 3, =+ .0588 - .0556 = .0445 == .0253 == .0253

L0439 == 0357 =+ .0218
L0358 == .0358 =+ .0361
L0222 - .0200 == .0181

2 and 4, 40438 4= L0497
Metallic, +.0375 == .0385
Aggregate, == .0232 - -0242

F i i

Relative Probable Errors.

Groups. Surd. I, Surd.II. Hydrogcn. Gerber. Phyllotactic.
Monatomic, 1.3001 1.3401 1.35%71 1.2038 1.0000
3 and 5, 2.3211 2.1933 1.7559 1.0000 1.0000
2 and 4, 2.0101 2.2764 2.0109 1.6361 1.0000
Metallie, 1.0473 1.0752 1.0004 1.0000 1.0085

Aggregate, 1.2812  1-3394 1.227 1.1079 1.0000

Surd I'is & (3 — /5); Surd 11, & (/5 — 1). The groupings and the
phyllotactic divisors are the same as in the foregoing note. Phyllotactic
precedence is shown in eight of the groups; Gerber’s approximately phyl-
lotactic in four ; hydrogen in one. Surd divisors take precedence of hy-
drogen in four of the groups. They suggest the probability that dextro-
and levo-gyration may be phyllotactic phenomena, originating in tenden-
cies to division in extreme and mean ratio.

183. Probabilities of the Surd Divisors.

In order to show the character of the evidence to which I referred in
Note 175, and thus complete the comparative examination which I have
undertaken, I add the following tables.

Logarithns of Probability.  Arithmetical Residuals.

Groups, Surd L, Surd 1I. Surd 1. Surd II,
Monatomic, .6805664 9997215 .240 *239
3 and 5, 1.4766962  1.1496250 231 226
2 and 4, 3.4829337 1602944 238 275
Metallic, 1.7491278  1.4979853 .260 .266
Aggregate, 7.3893241  3.8076262 247 .258
Mean, 1154582 0594942 5000 5000

The arithmetical residuals are so near Schuster’s limit that they furnish
but slight evidence of harmonic influence. The mean probabilities, 1.304
and 1.147, are also comparatively small, but inasmuch as each of the
groups indicates a decided probability, while the aggregates are more than
24,500,000 and 6420 respectively, any hypothesis of accidental determina-
tion must be rejected. Perhaps the most important use which we can
make of the results is to extend the comparisons of the foregoing note, so
as to add further cogency to the proof of phyllotactic sway.



























































































